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ByR. G.DeisslerandC. S.Eian

SUMMARY

A previousanalysisofturbulentflowandheattransferin smooth
tubeswithvariablefluidpropertiedwasmodifiedinordertob< appli-
cableto airwhichhasa Prandtlnuniberslightlylessthanunity(O.73].
In ordertoverifytheanalysis,testswereconductedto determine
localheat-transfercoefficientsandfrictionfactorsforfullydeveloped
turbulentflowof sirina smoothelectrical.yheatedtubehavingan
insidediameterof0.87inchanda lengthof87 inches.Thetestswere
conductedathighratiosofwalLtofluidbulktemperature.Velocity
andtemperatureprofilesweremeasuredforsomeconditions.

.,

Theanalyticallypredictedresultswerefoundto qqee closelywith
theexperimental.Boththeanalyticalandexperimentalresultsindi-
catedthattheeffectsofratioofwalltobulktemperatureonthe
Nusseltnumbercorrelationcanbe eliminatedby evaluatingthefluid
properties,includingdensity,intheReynoldsandNusseltnumbersat
a temperatureclosetotheaverageofthewallandbulktemperatures.
Inorderforthiscorrelationto applyitisnecessaryto assumecon-
stantPrsmdtlnumberandconstsntspecificheatincalculattigboththe
experimental.andanalyticalresults.

Theeffectsofvariationof shearstressandheattransferacross“
thetubeonthevelocityandtemperaturedistributionswereanalytically
investigatedandfound
fluidproperties.The
fer
and

intheregionat a
foundtobe small..

tobe small.forturbulentflowwithvsriable
effectsofmolecularshearstressandheattrsms-
distancefromthewsllwerealsoinvestigated

‘tiODUCTIOIJ

In anexper~ental.investigation
frictioncoefficientsforairflowfng

of averageheattransferand
ti’smoothtubes(reference1),it

.
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wasfoundthattheratioofTrail to fluidbulktemperaturehasanappre-
1I,

ciableeffectontheheat-transferandfrictioncorrelations.A theo- “i
reticalanalysisgiveninreference2 indicatesa si.milsreffectforlocal
coefficients.Forverificationoftheanalysisgiveninreference2,it

(

is desirableto obtainlocalratherthauaverageheat-transfercoeffi-
cientsandfrictionfactorssndmeasurementsofradialvelocityandtem- E
peraturedistributionsforlsrgeheat-transferrates.Localratherthan $
averagecoefficientssxedesirablebecauseavers.gecoefficientsinclude
possibleeffectsofflowdevelopmentnesrthetubeentranceandofheat
lossattheendsofthetube.

Intheinvestigationreportedherein,whichwasconductedatthe
NACALewislaboratory,localheat-transfercoefficientsandfriction
factorsathighratiosofwalltobulktemperatureweremeasuredata

- pointin a tubewheretheflowwasfullydeveloped.Velocityandtem-
peraturedistributionswerealsomeasuredforsomeconditions.The
analysisforflowandheattransferwithvariablefluidpropertiesQven
inreference2 ismodifiedforapplicationto air,whichhasa Prandtl
numbersfightlylessthan1, andtheanalyticallypredictedresultsare
comparedwiththedata.

N?.ALYSISFORPRM?D!IZIWIR@RSDIFFIRIIIG

Theanalysisgiveninreference2 isfor

SLIGHTLYFROMONE

a fluid
numberof 1. Inasmuchasairk a Prsndtlnumberof
smaZysisismodifiedinthissectioninordertomake
betweenanalytical.andexperimentalresults. .

Forobtatig thevelocitiessndtemperaturesin

witha Prandtl
about0.73,the
a comparison

thetubeasfunc-
tionsof distancefromthewall,thedifferentialequationsforshear
stresssadheattransferareoftenwritteninthefollowingform:

(ThesyoibolsusedinthisreportaredefinedinappendixA.)

Thesecondequationcsnbe rewrittenas

(1)

(2}

—. — —.
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Intheprecedingequations,&and~ arethecoefficientsof eddydif-
fusivityformomentumand’heattransfer,respectively,thevaluesfor
whichsredependentontheamunt audkindofturbulentmixingata
point.

Assumptions.- Thefollowingassumptionsaremadeh theuseof
equations(1)and(2)forobtainingvelocityad temperaturedistri-
butionswithheattransfer:

(1)Theeddydiffusititiesformomentumandheattransfere and
~ areequal.Previousanalysesforflowiiitubesbasedonthisassump-
tionyieldedheat-transfercoefficientsandfrictionfactorsthatagree
withexperiment. ?

(2)Theexpressionsforeddydif’fusivity
ence3 to applytoflowwithoutheattransfer
heattransferwithvariablefluidproperties.

& = n2uy

forflowclosetothewall.(y+<26) andthe

u3

_2*

(-)

du2

dY2

thatarefoundinrefer-
a~ly alsoto flowwith
Theseexpressionsare

(3)
.

KJrm4nrelation

(4)

forflowata distcmcefromthewall (y+>26),where n snd K are
experhentalconstantshayingthevalues0.109and0.36,respectively.

(3}Thevariationsacrossthetubeoftheshearstress% andthe
heattrausferperunitarea q havea negligibleeffectonthevelocity
andtemperaturedistributions.Theeffectofthesevariationswi~ be
investigatedinappendixB andinthesection“PredictedEffectofVar-
iationofShesrStressandHeatTransferAcrossTube.”

(4)Themoleculsxshearstress~d heat-transfertermsin equa-
tions(1}and(2]canbe neglectedintheregionata distancefromthe
wall. TheeffectofthesetermswilJbe investigatedin appendixC and
inthesection“PredictedEffectofMolecularShearStressandHeat
TransferinRegionat a DistancefromWall.”

(5)Thestaticpressurecaube consideredconstantacrossthetube. .

(6)ThePrandtlnum@r smdspecificheatcanbe consideredconstant”
withtemperaturevariation.Thevariationswithtemperatureofthespe-
cificheatsndthePrandtlnumberof gasessreof a lowerjorderofmag-
nitudethanthevariationsofviscosity,thermalconductivity,and
density.

,,
. . .. . ..—. .—. —.— .-. — .=— ———. ._ ~—. ~.. . ..—. ..—. .— .—.. —------ -— --
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FlowclosetoWSIU..- Forobtaininnthevelocity=d temperature
distributionscloseto a smoothwall.”thee~ressionfor & fromeaua-
tion(3)is substitutedintoeqmtioh (1)~d

and

where E and &k have
q have
tionof
become

and

(2)to give -

beenassumedequal(assumption(1)) and z andu
beenreplacedby TO and ~ (assum@ion
thedimensionlessquantitiesu+,y+,and

(
1= ~+

)
2++ du+~nuy

‘o ‘o
~

.

(I&9 =- — +& )dyyn%+y+
Pr

(3)}. Withsubstitu-
@ theseequations

(5)

.

(6} ‘

Fromviscositydataitisfoundthat IJ/~ csnbe representedapproxi-
matelyby (t/to)’;andfromtheassumptionof constantstaticpressure
(assumption(5)} andtheperfectgaslaw,p/p. canbe replacedby tO/t.
Fromthedefhitionsof ~ and t+

t
- pt+%=1

Equations(5)and(6}thenbecome

[
1 = (1-pt+p+

1

du+
(1-;t+}‘%+Y+~

and

I

(7)

(8)

(9)

—. —— .— — .— -— -.—.————.——
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Equations(8)and(9}canbe writteninintegralformas

I ●

and

‘JY+ -+u= w+
2++

o (l-pt+]d+ ‘;;t: ‘
.,

(10}

(n)

Equations(10)and(U.)canbe solvedsimultaneouslyby iteration,
thatis,assumedvaluesfor u+,y+,and t+ aresubstitutedintothe
rightsidesoftheequationsandnewvaluesof u+ and t+ arecalcu-
latedby numericalinte~ation.Thesenewvaluesarethensubstituted
intotherightsidesoftheequationsandtheprocessisrepeateduntil
thevaluesof u+’and t+ correspon~ to eachvalueof y+ donot
changeappreciably.Equations(10}and(U.)givetherelationsbetween
u+,t+,and y+ forvariousvaluesoftheheat-transferpsrameter~
forflowcloseto a wall.

Flowata distancefromwall.- ~ _ we of ammnptions(1),
(2],73),(4),and(6),equations(13and(2]canbe writtenindhen-
sionlessformforflowata distancefromthewallas

~ f)X2 (du+/dy+)3 du+
Po (d2u+/dy+2)2 @

and

Dividingequation(12)by equation

J
t+

dt+

%+

(13}andintegratingresultin.

P+

(12)

(13)

.. .— —.. —-_ ..__ ... ... .._ ____ _ —— —__ _____ ______ ____ _______ ----- _. ..._
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or

t+ - tl+= u+ - Ul+ (14)
f

where tl+ and Ul+ arethevaluesof t+ ad u+ at Y1+9~ch ‘s
thelowe;tvalueof y+

.

or,fromassumption(5)

forwhichequations(12}and(13);pply.Then

t—= 1- (U+-ul++tl+)p (15)
‘o

andtheperfectgaslaw,

~.
(16)

~=l_ (U+-:l++tl+)p

On substitutingequation(16)in equation(12)thereresults

+4
1- (U+-ul++tl+)p=xz(du+/w1

(d%+/d.y+2)2

Oneintegrationof equation(17)@ves

(17)

wherethenegativesignwasselectedintakingthesquarerootinorder
tomake x positive.Integrationof equation(18)gives

2x
Cll+ -~ 4,l- p(u+-ul++tl+)y+=_— e

[~? “1l. p(u+-ul++tl+)-t1 + c
2X2

(19)

Asthewallisapproached,thevelocitygradientbecomesverylargecom-
paredwiththatat a distancefkomthewallsothat dy+/du+approaches

zeroas y+ approaches
tion(18)intoequation
and u+ equalzero,C
when y+= yl+. Then

zero. If dy+/du+is substitutedfromequa-
(19)and dy+/du+issetequalto zerowhen y+
equalszero.To determineCl,set U+ =,%+

.

-—..— ----- ——-—— .--——— —
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and

(20]

Equation(20)givestherelation‘betweenu+ and y+ forvariouEvalues
of ~ forflowfarfromtbewall. Theparametert+ s.ndthusthetem-
peraturedistributioncanbe cslc~atedfromequation(14).Fora
Prandtlnumber-of1,tl+. U1+3andequation(20)reducestotheequation
fOra Prandtlnuder of1 giv~ b refer~ce2. For ~ . () eq~ti
tion(20)isindeterminate.Forthiscase 13issetequalto zeroin
equation(17) beforeintegrating,andthewell-knownlogarithmicequa-
tionisobtained:

~+ +ogey++c

Nusseltnumber,Reynoldsnuniber,andfrictionfactor.- It can
easilybe shownfromthedefinitionofthequantitiesinvolved(see
reference2)thattheNusseltnumber,Reynoldsnumiber,andfrictionfac-
torwiththefluidpropertiesevaluatedat
givenby

thewalltemperatureare

where

2rolPr
N~=—

%’

Reo= tib+ro+

(21)

(22)

(23)

. . .... —- ._ ..__.. —----- ______ —. —-.._ . _____ . . . __ . ____ ._~-_z —
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rro+
t+u+(ro‘-Y+)

Jo l++ m+
Po+

J u+(ro+-y+)

l-pt+ v+
o

J%“-T@o u+(ro+-y+)dy+

(24)

%
a’

(25)

Therelationsbetweenu+,y+,and t+ me calculatedfromtheequa-
tionsgiveninthetwoprecedingsections.

TheI?usseltnumber,Reynoldsnuniber,andfrictionfactorwiththe
fluidpropertiesevaluatedatsometempe~atureinthefluidotherthan
thewallltemperaturecanbe foundby usingthefollowing

F 0+

.

J ‘-Y+) @+u+(ro
o

r
0+

U+(ro+-fil.--+

equationfor

(26)

Boththethermal-conductivityratioandtheviscosityratioareequal
to thetemperatureratiorai;edtotheexponentd inasmuchasthe
specificheatandPrandtlnuniberareassumedconstant(assumption(6)).

Althoughtheprecedinganalysiswascarriedoutforthecase~ere
thecompressibilityeffectsduetohighvelocitiescanbe neglected,it
is showninreference2 thatthesamecorrelationsapply,ingeneral,
toflowskhighsubsonicvelocities.Forthelattercase(exceptfor
verysmalltemperaturedifferences)itisnecesssryonlytoreplacethe
staticbulktemperatureby thetotslbulktemperatureinthedefinition
oftheheat-transfercoefficienth.

.

— ——.—. . _. _ —-.—
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APPARATUS

A schematicdiagramofthetestsectionandassociatedequipmentis
showninfigwe 1. Compressedairfirstpassesthrougha filterandthen
intosnalumina-typeairdryer.Fromthedryertheairflowsthrough
oneoffourorificesselectedrenmtelyby orificeselectionvalvesand
thenthroughvalveswhichautomaticallycontroltheflowrate.Itrom
thecontrolvalvestheairflowsintoa surgetank,thento the“inlet
mixingtank,throughthetestsection,andintotheoutletminingtank
frornwhichitisdischargedtotheatmospherethrougha pressureregulat-
ingvalve.

Electricpowerissuppliedtotheheatertubefroma 208-volt60-cycle
supplythroughanautotransformermd a step-downtransformerwith
mxdmmmsecondaryvoltagesof either15 or 25volts.Thelow-voltage
leadsofthestep-downtramfomerareconnectedtotheflsngesonthe
endsofthetestsectionby copperbusbsrs. Thecapacityoftheelec-
tricequipmentis100kilovolt-amperes.Additionalheatto compensate
forendlossesis suppliedtoeachendoftheheaterttiewhereguard
heatercoilsofnichromewirearewrappedaroundthecone-shapedheater-
tubeflanges.Individualcontrolofthe110-volt60-cyclesupplyto each
endofthetubeisobtainedby variabletransfofirwithcapacitiesof
1 kilovolt-ampere.

TestSection

Thetestsection,shownindetailinfigure2,is a commercially-
smoothInconeltubehavings.ninsidedismeterof0.87inchandanout-
sidedismeterof1.25incheswitha sharpright-angleentrance.Steel
flangeswithcone-shaped-centersweldedtothetubeat eachendprovide
electricalcontactwiththetrsmformerleadsfromthepowersupply.
Thetube,whichisthermallyinsulatedbya 5-inchthicknessofhigh
temperaturequartvzwool,actsasa heatingelementwithaneffective
heat-transferlengthof87 inches.Staticpressuresaremeasured
through0.03-inchholesdrilledinthetubeatthepositionsshownin
figure2. Outsidetube-wall.t~eratures=e measuredlychromel-alumel
thermocouples(twothermocoupleslocated180°apartateachof 21 sta-
tionsandoneneareach’endofthetube]anda self-balancingindicating-
-typepotentiometer.Airtotaltemperaturessremeasuredby thermocouples
locatedinthecentralpassagesoftheiziLetand’outletmLdng tan@
ofthetestsectionas shownh figure1. Theinletn=n tankconsists
oftwoconcentricpassagessoarrs.ngedthattheairmakestwopasses
throughthetankbeforeenteringthetestsection,whiletheoutlet
~,t*is comprisedoffourconc~tri~tank-s.Thepassageofthe
@ throughthecentral-chambersndconcentricpassagespreventsradia-
tionerrorsinthetemperaturemeasurements.Bafflesareprovidedin
thecentralpassagesto inmrethoroughmting oftheairbeforeits
temperatureismeasured.

. - -- .——..- .-— ---- _.. .... . . —— .-. ...-. —- ----- ... .. . .-- —- — —-.--—--——-— —-.
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Total-pressureMeasurements

W TN 2629

An openingfortakingtotal-pressuremeasurementsacrossthetube
is located6 inchesfromtheetitofthetubeas showninfigure2. A
holehav3nga O.15-inchdiameterthroughwhicha total-pressureprobe
entersthetubewasdrilledinthetubewallatrightanglesto the
static-pressuretaps. A probeactuatortonmvetheprobeandmeasure
itsdistanceintothetubew fittedto a 6-inchlengthoftubingat
theopening.Thelocationofthetotal-pressureprobewithrespectto
theopeningis showninfigure2(b).Theprobetiphasa flatopening
witha heightof O.W inchanda O.002-inchwallandismadesothat
thetipjustclearstheedgeofthe0.15-inchholeinthetestsection.
Thetotalprojectedareaoftheprobeinthedirectionofflowwiththe
tipatthecenterofthetubeisaboutl~Percmt oftheareaofthe
tube,buttheeffectiveblockingareaat’thetipis
becausethemainportionoftheprobeis downstream

Total-TemperatureMeasurements

considerablyless
ofthetip.

Thesameopeninginthe%ubeusedfortakingtotal-pressuremeasure-
mentsisusedfortakingtotsl-temperaturemeasurements.Figure2(c)
showsthelocationofthetotal-temperatureprobewithrespecttothe

.,,

openinginthetube. Oneofthetwoprongsoftheprobeismadeof
chromelwhiletheotherismadeof alumel.Thethermocoupleoftheprobe
consistsofO.001-inchchromelandalumelwirebutt-weldedbetweenthe
pwngs whichwere0.07-inchapart.Temperaturesas
probewerereadon a self-balancir@indicating-type

METHODS

TestProcedure

measuredby the
potentiometer.

.

Preliminaryruns
heatlossthroughthe
fortheendheaters.

withno airflowwerefirstmadeto determineboth
test-sectioninsulationandrequiredpowersettings
Thetubewasheatedtovszioustemperaturesby

adjustingtheelectricalpowerinputtothetube,andthepowersettings
fortheendheaterswereadjustedto givea uniformwalltemperaturefor
eachrun.

Foreachtestruntheflowcontrolwasadjustedto givethedesired
flowrateandtheelectric-powercontrolforthetubewassetto give
thedesiredtube-walltemperature.Thepowersettingstobe usedfor
theendheatersateachtemperatureweredeterminedfromtheprel~nary
runs.Fortherunsmadethetube-walltemperaturenesrtheexitvsried
between300°and1500°l?,andtheReyuoldsnumberwithfluidproperties
basedonthebulktemperaturevariedbetween8000and500,000.Themax-
imumMachnumberwasabout0.6.

——–. – .—. —— —-——
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Thefollowingquantitiesweremeasuredforeachrun: airflow,
staticpressuresatthewall,outsidetube-wsIltemperatures,inletand
outlettotalbulk-airtemperature,andelectrical-powerinputtothe
tube. Total-pressureandtemperaturesurveysata section6 inches
fromtheexitofthetubewheretheflowwaspracticallyfuJ3.ydeveloped
weretakenduringsomeofthetests.Measurementsweretakenatpoints
betweenthewd.1.inwhichtheprobeopeningwaslocatedandthecenter
ofthetube.Mesmrementsmadeneartheoppositewallwereinaccurate
becauseofdisturbanceduetotheprobe.Total-pressuresurveyswere
takenfortube-walltemperaturesupto1300°F, whereastotal-temperature
surveysweremadeonlyatlowwalltemperatures(300°F) becauseofthe
delicacyofthetemperatureprobe.

Reductionof

Local.heat-trsnsferrate.-
areafromthetubetothesirat
latedfrom

ExperimentalData

Thelocalheat-transferrateperunit
a cross-sectionofthetubewascalcu-

(27)

wherethechangeof enthalpyAH wasobtainedfromthebulktotsltem-
peraturesoftheairattheinletandoutletofthetube. Theheatgen-
erationpersquarefootoftubearea G wasobtainedbymeasurementof
electriccurrentandtuberesistanceandtheheatloss L wasdeter-
minedbyheatingthetubetovarioustemperatureswithno airflowing.-
ThequantitiesG,L, and S areallfunctionsoftubetemperd~ej the
subscript10C meansthatthequantitiesweredeterminedatthelocal
tubetemperature,whereasthesubscriptave meansthattheywere
determinedattheaveragetubetegrperature.Thequantityinthefirst ~
parenthesisistheaverageheattransferperunitarea;thequantity
inthesecondparenthesisis a correctionfactorforlocalheattransfer.

The1OCSJ-heat-trsmferrate ~ wasdeterminedfromequation(27)
ratherthanfrom ~oc-L1oc becausethemeasure~ntsofinletandout-
letairtemperaturewere,ingeneral,moreaccuratethanthoseoftube
resistanceandheatloss.Theuseofthisequationalsoreduceserrors
duetopossiblenonequilibriumconditions.Thequantityinthesecond
parenthesisintheequationdidnotvsrygreatlyfrom1 formostofthe
tests.

Insidetube-wallandlocalbulktemperatures.- Theinsidetube-wall
temperatureto wasobtainedfromthemeasuredoutsidetube-walltem-
peratureta by thefollowlngequationderivedinreference4:

.. . - .—- ... -.-—.. —. --— ——- --——-—-—- --——— -— -- —— — _ -— -_ -— .._. _ . . .. - . ---
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(28)

In equation(28]theassumptionsaremadethatheatisgenerateduniformly
acrossthetubewallthicl.messandthattheheatflowateverypointin
thetubeisradiaJlyinward.Forthepresentteststheradialtempera-
turedropthroughthetubewallwasverysmallcomparedwiththediffer-
encebetweentheinsidewallandtheairbulktemperature.

Thelocaltotalbu3Js-airtemperatureata ~ointwasobtainedby
subtractingfromthemeasuredbulktemperatureatthetube@t thetem-
peraturechangeproducedby theheataddedtotheairintheportionof
thetubebetweentheexitandthepointinquestion’..

Physicalpropertiesof air.- In orderto compsretheexperimental
resultswiththeanalysisgiveninreference2,theviscosiiyandther-
malconductivitywerebothassumedtobeproportional.to t0.68.me
specificheatandPrandtlnumberwereassumednottovarywithtempera-
ture. Substantiallydifferentresultswouldbe obtainedifa different
vsriationofthermalconductivitywithtemperaturewereused.A conduc-
tivityproportionalto to●85 is sometimes@v&n intheliterature,but
theactualvariationof conductivitywithtemperaturehasnotbeenexper- “
imentallydeterminedathightemperatures.

Shearstress.-.Theshesxstressatthewallforfullydevelopedflow
isrelatedtothefriction-pressuregradientby theequation ,

(29)

Thefriction-pressuregradientswereobtainedby subtractingcal-
culatedmomentum-pressuregradientsfromthemeasuredstatic-pressure
grwli.entsalongthetube;tbenmmentwn-pressuregradientswerecalcu-
latedfrom

utipW2. %amm=~2A2g2b
(30)

.

Equation(30)isexactonlywhenthevelocityprofileisuniform;the
effectofnonuniformvelocityprofileon cslculatedshearstresswas
checkedforturbulentflowandwasfoundtobe negligibleforthepres-
enttests.In equation(30) @ wasfoundfromtheperfect’gaslaw

P’Pb~ (31)

— —— . . . —. —.. — ----- .——.-— —.—-. .
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and ~/dx wasobtainedby differentiation
be

13

oftheperfectgaslawto .,

%ldp ‘%—=— —.— —
ax gR$ax ~zax

Inthisequation~ wasfoundfromthefoll.owing
theequationsofenergy,continuity,audstate:

-’+-

-D #’R2 .

(32)

relationobtainedfrom

(33)

gJ C#2P2
/

Thisequationcanbemoreconvenientlyusedfor
theradicalis expandedin a binominalseries.

calculationpurposesif
Thequantityd~/dx was

obtainedby differentiatingtheexpandedequationfor ~ with~espect
to x:

d%” ~
—=— -
tidx

2
1

()

W2.R2

%c -#2

where

(34)

.

~lm~”
—=—
dx ‘% .

Thestatic-pressuregradientsin equations(32)and(34)weregraphically
determinedby plottingpressuresgainstdistancealongthetubeand .
drawinga ts.ngentto thecurveatthepointinquestion.

Velocitydistributions.-Forlowairflowrates,incompressible
flowtheorywasUsedjthevelocitieswerecalculatedfromtheequation

—.- -——--- —-—- — ...__ —.— .. . . ——..___., _____ ____ .._,-_ .. ..__. ._ —.. —.— .———----- -
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(36)

where p wasfoundfromtheperfectgaslaw p = pgRt ad t wastaken
equaltothetotsltemperature.Inthisandinallofthesucceedingcal-
culations,thestaticpressurewasassumedtobe uniformacrossthetube. N

.%
ForMach

therelation
numbersgreaterthsn0.2,velocitieswerecalculatedfrom

u

1-

where

Forboth
equationswas
isappliedto
isle~timate

r-l
Pr(?)t=T–

(37)

lowandhighMachnwibersthetotaltemperatureinthe
obtainedfromthetheoreticalcurvesinfigure’3.(Fig.3
compressibleflowby replacingt+ by ‘I?.Thisprocedure
forPrandtlnumberscloseto 1.] ,

RESULTSANDDISCUSSION

-D.~~edictedTemperatureandVelocityDistributions

(PrandtlNumber= 0.73)

Temperatureandvelocitydistributionsfora Prandtlnumberof 0.73
ascalculatedfromequations(10],(n), (20),and(14)me plottedin
figures3 and4. Thevaluesfortheconstants(n= 0.109and x = 0.36),
whicharefoundinreference3 fromtheexperimentaldataforflowwith-
outheattransfer,areusedforplottingtheequations.Inreference3
itisfoundthattheequationderivedforflowcloseto a wallwithout
heattransferagxeescloselywiththedatafor @ lessthan26andthat
theequationforflawata distancefroma wdl withoutheattrsnsfer
fitsthedatafor y+ greaterthan26. Forplottingthepresentequa-
tionsforflowwithheatadditiontothegas,thessmelimitsof applic-
abilityfortheequationsforflowcloseto a wallandata distance
froma wdl areused. It canbe seenfromthefiguresthattheexact
pointof intersectionofthecurvesrepresentingthetwoequationsis
notcritical,especiallyforhighvaluesof ~,inasmuchastheslopes
ofthetwocurvesattheirintersectiondonotdiffergreatly.

——— .—
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Theexponentd intheequationswasfoundfromviscositydatafor
airtohavean averagevalueof 0.68fortemperaturesbetween0° and
2000°F. Althoughthisvaluewasobtainedspecificallyforair,the
valuesof d formostcommongasesdonotvarygreatlyfromthisvalue,
sothatthecurvesplottedshouldbe applicabletomostgaseswith
Prandtlnumberscloseto 0.73.

Theplotsoftheequationsinfigures3 and4 indicatethat t+
and U+ are not equal as was thecasefora Prandtlnumiberof-1 (ref-
erence2}. Wth profiles,however,showtrendswithincreasingvalues
oftheheat-transferparameterj3whicharesimilartothosefoundin
reference2 fora Prandtlnumberof1.

Nusselt Numbers

Infigures5, 6,and7,experimentalandpredictedNusseltnumbers “
forair (Pr= 0.73] areplottedagtinstReymoldsnumibersforvarious
valuesoftheheat-transferparemeterp. TheexperimentalNusselt
nruibersandReynoldsnumberswereobtainedata point6 inchesfromthe
exitofthetubewheretheflowwaspracticallyfullydevelopedand
werecalculatedfromthedefinitionsofReynoldsnumber,Nusseltnumiber,
andheat-transfercoefficientbasedontotal-tempmaturedifference;as
giveninthelistof symbols.ThepredictedNusseltandReynoldsnum-
berswereobtainedfromtheequationsgivenintheanalysisforPrandtl
numbersdifferingslightlyfr?m1 andfromtheplotsinfigures3 and4.

In figure5 thephysicalproperties,includingdensity,inthe
ReynoldsnumbersndNusseltnumbersreevaluatedatthestaticbulk
temperature.E!oththeexperimentalandpredictedNusseltnwibersat
a givenReynoldsnumbershowa decreasewithincreasingvaluesof ~
orofratioofwalJ.tobulktemperature.Infigure6 thephysicalprop-
erties,includingdensity,intheReynoldsandNusseltntiersareeval-
uatedatthewa.Utemperature.Forthiscase,boththeexperimentaland
predictedNusseltnunibersata givenReynoldsnumberincreasewith
increasing~. Infigure7 thepropertiesintheReynoldsandNusselt
numberswe evaluatedat to.4,whichis slightlyclosertothebulk
temperaturethantheaverageofthewallandbulktemperatures.It is
observedthattheeffectof ~ orofratioofwalltobulktemperature
onboththeexperimental.andpredictedNusseltnmibersispractically
eliminatedwhenthepropertiessreevaluatedatthistemperature.The
datafollowthepredictedlineverycloselyforReynoldsnumbersabove
15,000.ForlowReynoldsnumberstheseparationofthedatafromthe
predictedlineisprobablycausedbya partialtransitionfromturbulent
tolsminarheattransfer,whichwasnotconsideredintheanalysis.The
ssmetrendatlowReynoldsnumberswasalsoobservedinthedatagiven
inreference1. It is seenthatthetransitionregionetiendstohigher
Reynoldsnumbersforheattransferthanforfriction.

.

.
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It shouldbe emphasizedthath orderfortheforegoingcorrelation
tohold,thesameassumptionsforthevariationofphysicalproperties
withtemperaturemustbemadeforcalculatingtheexperimentalresults
asweremsdeintheanalysis:constantspecificheatandboththermal
conductivityandviscosityproportionalto t0”68. Iftheconductivity
hadbeenassumedproportionalto tO.85 ~ somet~es@v~ inthelit.
erature,theeffectsofratioofwalltobulktemperatureontheNusselt
numbercorrelationwouldhavebeeneliminatedby evaluatingthefluid
propertiesata temperatureclosetothewalltemperature.Theactual
variationofthethermalconductivityof airwithtemperaturehasnot
beenexperimentallydeterminedathightemperatures.Inreference1
itisfofidthatthebestcorrelationof averageheat-transfercoeffi-
cietisforbothheatingandcoolingwasobtainedby assumingthethermal
conductivityproportionalto to”5 ad evaluatingtheproperties,
incluliagdensity,h theReynoldsandNusseltnumbersattheaverageof
thewallandbulktemperatures.If a constantratherthana vari~le
specificheathadbeenusedinreference1, itwouldhavebeennecessary
tousea conductivityproportionalto -tO”6 inorderto eLhminatethe
effectofratioofwalltobulktemperature.Thedataforaverageheat-
transfercoefficientsgiveninreference1 srethereforeinsubstantial
agreementwiththepresentdataandanalysisfor10CSJ.heat-transfer
Cod?ficients. Forthersngeofratiosofwall.tobulktemperaturesused
inthepresenttests,asgooda correlationco~d be obtdnedby eva3.u-
atingthepropertiesattheaverageofthewallandbulktemperatures
asby evaluatingthemat to.4.

Although@ensive datawerenotobtahedinthelowReynoldsnum-
berrsngeathighratiosofwdl tobulkt~erature,thedatataken
indicatethatinthisrangetheeffectsof ~ aremcmenearlyelimi-
natedby evaluatingthepropertiesatthebulktemperaturethsnat
to.4” Thisis inagreementwiththeanalysisgiveninreference5,’
whereitis shownthatfor,laminarflowthepropertiesshouldbe evalu-
ated ata temperaturebetweenthebulktemperaturesmdthetemperature
atthecenterofthetube. Itwouldbe expectedthatinthetransition
regionthepropertiesshouldbe evaluatedattemperaturesbetweenthis
temperaturead to 4..

FrictionFactors

In figure8, experimentalandpredictedfrictionfactorsforair
areplottedagainstReynoldsnumbersforvariousvaluesoftheheat-
transferparameter~. Thephysicalproperties,includingdensity,
inthefrictionfactorsandReynoldsnumbersinthefigureareevalu-
atedat ‘o.4“ TheexperimentalfrictionfactorsandReynoldsnumbers
wereobtainedata point6 tithesfromtheexitofthetubeandwere
calculate,dfromthedefinitionsoffrictionfactorandReynoldsnumber
giveninthe13stof symbols.

,.

.

.
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Theplotofpredictedfriction
thattheeffectsof ~ orofratio
nearlyeliminatedby evaluatingthe

i high Reynoldsnumberss3s0’indicate

factorsgiveninfigure8 indicates
ofwalltobulktemperatureare
propertiesat tOo~.Thedataat
thattheeffectsofratioofwti

1 tobulktemperatureareeliminatedby evaluatingthepropertiesatthat

1
temperature.ThedataWee closelywiththepredictedlineinthe

1 highReynoldsnum%errange.At lowerReynoldsnumberstheagreementis
t not as good,althoughitmaybe withintheexperimentalaccuracy.Meas-

urementsoffrictionfactorsare,in general.,muchlessaccuratethau1 those”ofheat-transfercoefficientsbecauseof difficultiesinmeasuring
static-pressuregradients.In reference1 itisfoundthatsome‘ofthe
dataforaveragefrictionfactorsatlowReynoldsnumbersliebothbelow
andabovethepredictedlineinfigure8,whenthefluidpropertiesare
evaluatedattheaverageofthewallandbti temperatures.

VelocityDistributions

Experimentalandpredictedvelocitydistributionsforvsriousval-”
uesof p areshowninfigure9. Rectangularratherthansemilogtiithmic
coordinatesareusedinasmuchasdataarenotshownforflowcloseto
the~M3,j thesedataarenotshownbecausethedistributionsweremeas-
uredathighReynol~numberswheretheseverevelocitygradientsand
thepresenceoftheholeinthetubewallmaketheaccuracyofthemeas-
urementsdoubtful.

.
It canbe seenthattheexperimentalandpredictedvaluesarein ‘

substantialagreements.lthoughthereis somescatterinthedata.Inss-
muchastheexperimentaldistributionsweremeasuredinthehighReynolds
numberrangewheretheexperimentalfrictionfactorsfell.onthepre-
dictedline,theagreementbetweentheexpertientslandpredictedveloc-
itydistributionsmightbe expected.It appesrsthatmeasurementof
velocitydistributionswithheattransferyieldslittleinformationin
additiontothatobtainedby measurementof frictionfactorsandheat-
transfercoefficientsotherthanpossibleinfomnationconcerningchanges
in shapeofthevelocityprofilewithheattransfer.However,aaindi-
catedinfigure10,changesinprofileshapeshouldbeverysmallover
mostofthetubecrosssectionfortherangeofvaluesof ~ obtained
inthetests(Oto 0.028)andprobablycouldnotbe measured
experimentally.

TemperatureDistributions

Experimentalandpredictedtemperaturedistributions~e plotted
infigureIL. Datafortemperatedistributionsclosetothewald.are
shownonlyatlowflowratesbecauseathighflowratesthesevere.
velocityandtemperaturegradientsandthepresenceoftheholeinthe

.-.. . ..— —— .——.. . . .--. .-— ... -.— — . . .. —-— .— —.—._ —_. —_—_..— .
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tubewdl maketheaccuracyofthemeasurementsdoubtful.Thedistri-
butionsshownfortheregionclosetothewallmaybe subjectto
errorsdueto condudionalongthethermocoupleprobeprongsinasmuch
asthevelocitiesinthatreaon areverysmall.Temp=aturedistri-
butionswerenotmeasuredforhighvaluesof ~ orofratioofwall
tobulktemperaturebecauseofthedelicacyofthetemperatureprobeand
becauseit appearedthatsuchmeasurementswouldnotyieldappreciable
informationbeyondthatobtainedbymeasuringheat-transfercoefficients
andfrictionfactorsat~gh valuesof ~. Changesintemperaturepro-
fileshapewithheattransfershouldbe smallasinthecaseofvelocity
profile(fig.10).

It is seeninfigureXlthattheexpertientaltemperaturedistribu-
tionsagreefairlywellwiththosepredictedexceptinthelowReynolds
numberregionwheretransitionfromturbulentto lsmharheattransfer
istaldngplace.Thisseparationof datafromthepredictedlineat
lowReynoldsnumbersisnotpresentinthevelocitydistributiondata
giveninreference3, sothatit appesrsthattheeddydiffusitities
forheatandmomentumtransfercannotbe consideredequalinthelow
ReynoldsorPecletnumberrmge. Theeddydiffusivityforheattrsms-
ferinthisrangeisprobablya functionofthethermaldiffusivity
k/(pg~) aEwellasoftheflowconditions.

PredictedEffectofVariationof ShearStress

andHeatTransferAcrossTube

A comparisonbetweenequations(7B)and(8B)(appendixB],which
takeintoaccountthevariationin shesrstresssndheattransferacross
thetube,andtheequations-fromreference2,whichassumeuniformshear
stressandheattransfer,is showninfigure12forvariousvaluesof
theheat-transferparsmeter~. Theintersectionofthecurvesforflow
closeto andfarfromthewdl istakenat y+= 30 ratherthsm26for
variableshesrstressinordertomakethemeandeviationof equa-
tions(7B)and(8B)fromthosegiveninreference2 a nddmum. It is
seenthattheeffectofvariableshearstressandheattransferonthe
velocitydistribuliionsis smallandisprobablywithintheaccuracyof
flowandpressuremeasurements.Theeffectis greaterforheatextrac-
tion(negative~)thanforheatadditiontothegas.

Althoughtheprecedingcalculationswerecarriedoutfora Prandtl
nuniber.of1, itis evidentthattheeffectsof-variableshearstress
andheattransferwouldalsobe smallfora Prandtlnumiberof0.73.

—. —— —
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PredictedEffectofMolecularShearStressandHeatTransfer

inRegionata DistancefromWall

Theresultsof theanalysisoftheeffectofnmlecularshearstress
andheattrsnsferintheregionat a distancefromthewallareshownin
figures13and14. Fortheregionclosetothewall,thecurveswere
calculatedfromtheequationgiveninreference2;forflowcloseto a
wallfora Prsmdtlnuniberof1 andfortheregionat a distancefromthe
wall,ttiecurveswerecalculatedfranequations(3C)and(4C)(appen-
dixc). Thethreeexperimentalconstsnts‘involvedintheplotsare n>
x, amd yl+,allofwhichwe determinedfromexperimentaldatafor
adiabaticturlmlentflowfromreference3. Thevaluesfor n and x
aretakendirectlyfromreference3, and yl+ is sodeterminedthat
~pgurve for ~ = O agreeswiththedataforadiabaticflow. The

VI inequation(3C)is setequalto theslopeoftheequation
forflowclosetothewallat ~+ (~ = 0.233for @ = 0.05).

By includingthemolecularshearstressandheattransferinthe
equationforflowat a distsncefromthewall,theregionof appl..ica-
bilityofthe- similarityexpressionis etiendedfrom y+>26
to y+>16. At y+= 16,thecurvejoinssnmothlywiththecurvefor
flowclosetothewallwithno discontinuity@ slope,thatis,the
eddydiffusivity asdeterm.inedfromtheequationsis‘continuousfrom
thewalltothecenterofthetube.

A comparisonofthecurvesplottedwiththemolecularshearstress
andheattransferintheregionat a distancefromthewallneglected
withthoseplottedwiththesefactorsconsideredinthisregionispre-
sentedinfigure14. Onlya small.differenceinresultsisobtained.
As a resultoftldsagreement,theheat-transfercoefficientsandfric-
tionfactorswillalsobe unaffectedsothatthemolecularshearstres6
andheattransfercsnbe neglectedwithgoodapproxhationintheregion
at a distancefromthewall. AlthoughtheIrecedingcalculationswere
carriedoutfora Prandtlnumberof1,itisevidentthatthesame
conclusionswouldholdfora Prandtlnuder of0.73.

SUMMARYOFRESULTS

Thefollowingresultswereobtahedfromthe
mentalinvestigationof fullydevelopedturbulent
in smoothtubeswithvariablefhid properties:

analyticalandexperi-
flowandheattransfa

1: Substantialagreementwasobtainedbetweenexperimentaland
_icaY pre~ctedheattrmfer a frictioncorrelationsaswe~. astielocitysmdtemperaturedistributions..

—.—— -—..—.. ._ .—s .. ___ ___ ___ . . . . .
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.

2.Thebestcheckoftheanalysiswasobtainedby measurementof
localheat-transfercoefficients.I!oththeexperimentalandanalytical
resultstidicatedthat,forReynoldsnumbersabove15,000,theeffects
ofratioofWS22.tobulktemperatureontheNusseltnumbercorrelation

tedby evaluatingthefluidproperties,includingdensity,canbe elhba
intheReynoldsandNusseltnunibersata temperaturecloseto theaver-
ageofthewall.andbulktemperatures.Inusingtheprecedingresult
forcalculations,itis importanttousethermalconductivitiesand
viscositiesbothproportionalto theabsolutetemperatureraisedtothe
0.68powerandconstantspecificheat.

3.Thes.malysisindicatedthattheeffectofvariationof shear
stressandheattransferacrossthetubeonthevelocityandtempera-
turedistributionsforturbulentflowwithvariablefhid properties
is slight.

4.E@ smalysisindicatedthattheeffectofmolecularshearstress
andheattransferintheregionata distancefromthewall.is slight
forturbulentflowwithvari~lefluidproperties.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,October18,1951

.
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APl?mimA

SYMBOL8-.
Thefollo~ symbolsareusedinthisreport:

A

c, c1

%

D

d

G’

E!

H

h

J

%

k

kb

%

‘0.4

L

n

P

.

cross-sectionalareabreedon insidediameteroftube,sqft

constantsof integration

specificheatoffluidat.constantpressure,~u/(lb)(OF)

insidediameteroftube,ft

exponentthatdescribesvariationofviscosityoffluidwith
temperature

.

heatgeneratedintube,Btu/(see)(sqft)

~celerationdueto gravity,32.2ft/sec2

enthalpy,Btu/lb

%
heat-transfercoefficient,— forcompressiblefluidor

To-%

~ forincompressiblefluid,Btu/(see)(sqft](%’]

mechanicalequivalent’ofheat,778f%-lb/Btu

thermalconductivityoftubematerial,(Btu)(ft)/(see)(sqft)(%)

thermalconductivityoffluid,{Btu)(ft)/(Pee)(sqft)(%)

thermalconductivityoffluide%luatedat ~,
(~)(ft)/(sec)(sqft)(~)

thermalconductivityoffluidevaluatedatwsdl,
(Btu)(ft)/(see)(sqf%)(%)

thermalconductivityoffluidevaluatedat too4~
(Btu](ft)/(sec](sqf%)(%)

heatlossthroughinsulation,Btu/(sec](sq~]

constant

totalpressure,lb/sqf% absolute ‘

.— -.—- .. —.——-——---- -—--.—- -———-—-— -- —-—— — —.— — ----—- .-
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R

‘o

“ra

s

T

Tb

To orto

t

%

to.4

u

%

w

x

Y

Y

c

‘h

x

lW3ATN 2629

staticpressure,lb/sqft absolute

ra%eofheattransfertowardtubecenterperunitarea,
Btu/(sec)(sqfi}

rateofheattransferatinsidewalltowardtubeseaterper
unitarea,Btu/(sec)(sqft)

perfectga5constant,ft-lb/(lb)(%)
.

insidetuberadius,ft

outsidetubewallradius,ft >

insidesurfacearea.oftube~Sqfi

totaltemperature,‘R

bulkoraveragetotal.temperatureoffluidatcrosssection
oftube,OR

absolutewalltemperature,‘R

absolutestatictemperature,‘R

bulk
of

film

ttie

bulk

or averagestatictemperatureoffluidatcrosssection
tube,‘R

temperature,0.4(to-~) +%, ‘R
,

averagevelocityparallelto sudsoftube,ft/sec

or averagevelocity

fluid-flowrate,lb/see

tial distancefrom%ube

distancefromtubewall,

ratioof specificheats

at crosssectionof,tibe,ft/sec

entrance,ft

ft

coefficientof eddydiffusitityformomentum,“sq,ft/sec

coefficientof eddydiffusivityforheat,sqft/sec

K* Constant

-— -— ———

gmN

.
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P absoluteviscosityoffl~d, (lb)(sec}/sqf%

b absoluteviscosityoffluid

Po absoluteviscosityoffluid

b.4 absoluteviscosityof fluid

P mass

%
bulk

Po mass

density,lb-sec2/ft4

eval.uated,at ~, (lb}(sec)/sqft

atwall,(lb)(sec)/sqf%

evaluatedatto.4,(lb)(sec)/sqft.

or averagedensityat crosssectionoftube,lb-sec2/ft4

densityoffluidatwall,lb-sec2/ft4 \

~o.4 densityoffluidevaluatedat t0.4,lb-sec2/ft4

T shesrstressinfluid,Ib/sqf%

‘o shearstressinfluidat wall, lb/sqft

Subscripts:

fr on friction-pressure

mom onmomentum-pressure

Dimensionlessparameters:

gradimt’

@adient

$ heat-transferparameter,
~8Toto

f
o

frictionfactorwithdensityevaluatedat to, -
D(dp/~}fr ‘O

=—
2@ub2 PO”b2

fo.4 frictionfactorwithdensityevsluatedat to.4

M Machnuiber, u
m

Nub Nusseltnumberwiththermalconductivityevaluatedat ~,
m
~

N% Nusseltnumberwiththermalconductivityevaluatedat ‘o

-.—. ..-. .— —.——-—. ., . .—. .——.—-—— . ——— .-. -——.. _ .- —.-.. .. —.- .. . . .
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‘Uo.4

Pr

R%

Reo

R’=o.4

ro+

t+

\

%+

%+

~+

ub+

+U1

-v

Y+

Yl+

NACA!13t2629,
.

Nusseltnumberwiththermalconductivityevaluatedat to ~.

Prandtlriimber,

Reynoldsnumber
Pb~D

%

Reynoldsncmiber

Reynoldsnumber

c.pw
-
k

withdensityandtiscosityevaluatedat ~,

withdensityandviscosityevaluatedat to

withdensityandviscosityevaluatedat *0.4

tube-radiusparameter,
@/ o Por.
VOIPO

(t&-tk-&) l+to
static-temperatureparameter,

F=’% Olpo

(parsmeter,~ 1 -bulkstatic-temperature

valueof t+ at yl+

uvelocityparameter,t ,

.

bulkvelocity

+valueof u

wall-distance

vaiueof y+
wallsndat

Jv-wo

“%parameter,

m

+at yl

&dPoparameter, Y.
Pdpo

atintersectionof curvesforflowcloseto
a distancefromwall

.
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\ APPENDIXB

ANALYSISINCLUDINGEFFEJTOFVARIATIONOF SHEARSTRFSSAND

EtEA!TTRANSFERACROSSTUBE(P~ NUMBER= 1)

25

The followinganalysiswasmadeto determinetheeffectofvaria-
tionof shearstressandheattransferacrossthetubeonthevelocity
andtemperaturedistributionswithvariablefluidproperties.Thevsx-
iationsof shearstressandheattransferintheregionclosetothe
wall.arenegligiblesothatonlytheregionata distancefromthewall
is considered.

Therelationforthevariationof shearstresswithradiusforfully
developedflowisobtainedby equatingtheshear.forcestothepressure

[ forces-acting
f tiallength.

Theheat

on a cylinderoffluidof arbitraryradiusandd@eren-
Thisrelationgives ,.

‘r=’-c“()ol-~
r.

.
(HI).

transferperunitareavariesin approximatelythesame
wayastheshearstress)althoughthevariationisnotlinear.Forthe

,. purposeof detendninnthegeneraleffectofthevariationofheat,
transfer,thefollowingrelationis assumed:

.

(2B)

1’
[ Substitutingequations(lB)and(2B)intoequations(1)and(2),
I dividing equation(2)by equation(1),andintegratingtheresult
! betweenthewallanda pointinthefluidgive,fora PrsndtlnumberI

of1,
.

I

or

%Y=to_t
Cpq)

. .

tl—= - pu+
‘o

(3B}

(4B)

Withsubstitutionof equations(4),(I&),and(4B),equation(1)
canbewrittenindimensionlessformwiththemolecularshearstress
neglectedas

I

;. . . . .. . —. -.—.——--.7-_ - . - ___ ....— ...- .—. -e -—- ------ ---—- ----- - -------
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() +4.
l.<=— (du+/dy)

r. 1-;U+~dzu+,m+z)2

or

(5B)

I

Wh=e thenegativesignwasselectedintskingthesquarerootinorder
tomake x yositive.

In orderto solveequation(5B)let

Integrationof equation(6B)gives

(m)

(7B)

Withsubstitutionof equations(6B)and(7B),equation(5B]becomes

dv ~

:=-*-

1

or

pu+

v=ve1
.

. -- - .- —— ———. — — —.



.

NACA!I!N2629 27

Equation(8B)canbe solvedby iterationby substitutingasswnedvalues
for u+ and v intotherightsideoftheequationandcalculatingnew
valuesof y. Aftertherelationbetween,u+ and v hasbeenobtained
forvariousvaluesof ~‘and rO+,y+ c~.be calculatedfromequa-
tion(7B}.

—.. . . . .. —--...._ ___ _. ._. ___ __ .. . ... .... . . . _ .-... ______ ___________ _.. - .;
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ANALYSIS

Theeffect

APPENDIXc

INCLUDINGEFFECTOFMOIXCULARSHEARSTRESSAND

TRANSFER3XREGIONAT A DISTANCEFROMWAIL

(~ NUMBER=l)

ofthemolecularshesrstressandheat-transferterms
in equations(1)aqd(2)onthevelocityandtemperaturedistributions
isinvestigatedinthissection.“Whenthesetermsareretained,the
relationbetweentemperatureandvelocityis givenby equation(4B)as
before.Equation(1)becomes,whenwrittenindimensionlessformfor
flowat a distancefromthewall (Pr= 1},

1= (1-pu+)d~+ x2(du+~d.y+)4

(1-@’)~d2u+/dy+2)2

Forsolvingthisequationlet

du+—=V
w+

Then

d2u+ dv dv—=3
dy+2 = v du+

●

As a resultof substitutionofthesequantitiesin

As inequation(18}thenegativesignwasselected
root. Integrationyields

J

u+

-x
u~+

v=ve1

(lC)

(2C)

equation(lC)

du+

intakingthesquare

+

+ - (1- :+)%](1-p-l+)
$ (3C)

I

.—— —-– ——— - —.—— —-_ _—— ..—. — .——.—. -.
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1“

wherethesubscript1 ind$.catesthatthevaluesof u+ and v are
+ forwhichtheequationapplies.atthelowestvalueof y By resuming

vsluesof v correspondingtovaluesof u+ andthencalculatingnew
valuesof v by numericallyintegratingtherightsideoftheequationJ

u!
e uation(3C)canbe solvedby iteration.Aftertherelationbetween

and v hasbeenobtainedfromequation(3C),therelationbetween
u+ and y+ canbe obtainedby integratingequation(2C) asfollows:

u+

‘sdu+
Y+= Yl++ TUl+

(4C)

+ forwhichequation(lC)applies.where yl+ is‘thelowestvalueof y

I
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